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We review the "no-go" theorems that severely constrain the breaking of N = 2 supersymmetry to N — 1 (both 
in rigid supersymmetry and supergravity) , and we exhibit some models that evade them. 



1. A Theorem and its Loophole 

A well known theorem Q ensures that ex- 
tended rigid supersymmetry cannot be broken 
partially: either all supersymmetries are broken 
or all are exact. The heuristic proof of this theo- 
rem follows from the A-cxtcndcd SUSY algebra: 
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The Hamiltonian of a supersymmetric theory is 
manifestly positive, because, thanks to eq. (Q), it 
can be expressed as 
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If a supersymmetry, say i = 1, is broken, then 
its generator does not annihilate the vacuum: 
Q^O) ^ 0. Equation (||) then implies that 
(0\H\0) ^ 0, i.e. that Q*|0) ^ for all I. This 
argument can be made rigorous either by working 
with a theory in a finite periodic box (thereby giv- 
ing up Lorentz invariance), or by using the SUSY 
current algebra 

V —>OG ^ 



QVa = d*y.r 0& (y,t). (3) 



Here and J' are the stress-energy tensor 
and the supercurrent, respectively. The infinite 
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volume limit in this equation exists even when 
SUSY is broken^, because the (anti)-commutator 
of local (gauge-invariant) operators is always lo- 
cal. 

The strength of SUSY breaking is parametrized 
by the matrix element of the SUSY current in 
between the vacuum and the (would-be) goldstino 
states 



a 3 . 
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By computing the vacuum expectation value of 
eq. (||), and using eq. one finds that F^F 1 - cx 
5j(0|T£|0). The SUSY algebra has an SU{N) 
symmetry that acts by unitary transformations 
on the index i, and that can be used to bring 
the goldstino-coupling matrix into the form F* = 
FgSj. This shows that either F g = 0, i.e. all 
supersymmetries are exact, or F g ^ 0, that is 
they are all broken with equal strength. 

This "no-go" theorem can be evaded, as often 
goes with no-goes, by changing its assumptions. 
They can be changed in two ways 

1. If the Hilbert space of the theory is not pos- 
itive definite, then Q l \0) ^ can be consis- 
tent with (0|Q t4 Q l |0) = 0. This is what 
happens in covariant formulations of super- 
gravity. 

2. The SUSY current algebra is modified. 
This happens in supergravity when the 



3 That is when, rigorously speaking, the supercharge does 
not exist as an operator in the Hilbert space. 
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local supersymmetry is gauge-fixed non- 
covariantly. More surprisingly, the SUSY 
current algebra may be modified even in 
rigid supersymmetry |2||^] . 

In the latter case the modification reads 
lim {GV «,■#«(*)} = 2a% a S i 'T ltu (x) + 

V— >oo 
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The additional term C 4 -? is a constant, thus, the 
supersymmetry algebra on local operators is not 
modified by its presence. By studying the SUSY 
algebra on local operators only, one would never 
be able to detect the presence of C u , yet this term 
is enough to invalidate the "no-go" theorem! 

The question remains as to whether such a con- 
stant nonzero term can arise in a local field theory 
with rigid N — 2 supersymmetry. 

The answer was given in ref. Q. [Q explicitly 
construct an N = 2 theory (hereafter called the 
APT model), with nonzero C l K The field content 
of the theory is a single N — 2 vector multiplet, 
whose helicity content is [(1) ± 1, (2) ± 1/2, (2)0]. 

The N = 2 Lagrangian of the vector multiplet 
is completely determined by an analytic function 
(the prepotential) T{z) (z is the complex scalar in 
the vector multiplet), and by two constant vectors 
of the SU{2) isomorphism group of the N = 2 su- 
peralgebra, E, M [|J. E is the standard (electric) 
N = 2 Fayet-Iliopoulos term, while the magnetic 
F-I term M was introduced first in [Q. With an 
SU(2) rotation they can be cast in the form 



ReE = A 2 (0,e,£), M = A 2 (0,m,0). 
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The kinetic term of all fields in the multiplet is 
given by T2(z) = ImJF"(z) > 0, while the theta 
angle is ti(z) = ReJ-""(z). 

To find whether the N = 2 supersymmetry 
is broken to N = 1 one must look for Lorentz- 
invariant backgrounds on which the SUSY trans- 
formation laws of some field have a nonzero VEV. 
Lorentz invariance constrains the form of a non- 
zero VEV to 



(7) 



Here, A^ is the gaugino field (doublet of SU(2)), 
rf is the N — 2 SUSY transformation parameter, 



and Y A , A = 1,2,3, is a yet unspecified (com- 
plex) vector of SU(2). In ref. [Q it was shown 
that 
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[Re E A + n (z) M A ] + 2iM A . (8) 



Partial breaking of N = 2 to V = 1 occurs 
if the matrix Y A (a)tijO~^ has a non-degenerate 
zero eigenvalue. This happens at 

n(z) = -e/m, T 2 (z)=m/£. (9) 

Generically, these equations can be solved for z if 
m/£ > 0, and F"(a) is not a constant, i.e. when 
the model is non-renormalizable and the magnetic 
F-I term M is nonzero. A VEV z° that solves 
eq. (^|) is also a stable minimum of the scalar po- 
tential. This is a general result, valid whenever 
some supersymmetry is unbroken. It follows from 
the current algebra eq. (JsJ) , which implies the fol- 
lowing identity for the scalar potential 



(10) 



Here 8 % \i is the i-th SUSY transformation law 
of the spin- 1/2 fields A/ (on a Lorentz- invariant 
background). The fermion kinetic term is Zj(<fi), 
4> denotes all scalar fields; V(cj)) is the potential. 
If a supersymmetry, say i = 1, is unbroken at 
4> = 4>°, then (5 1 Aj- = VI, and the component 11 
of the matrix equation above implies 



0. 
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Explicitly computing the current algebra of the 
APT model one finds that the field-independent 
term C ij is S 



C ij =4e AB cv A * J ReE B M c . 



(12) 



As expected, partial SUSY breaking in the APT 
model is possible only when C u ^ 0. 

Since the vacua given in eq. (||) are N = 1 
supersymmetric, the N = 2 vector multiplet de- 
composes into N = 1 multiplets, specifically, into 
a massless vector multiplet and a massive chiral 
multiplet. 

2. Supergravity and Partial Breaking 

In supergravity theories, there is no simple gen- 
eral argument forbidding partial breaking, not 
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even at zero cosmological constant. Some con- 
straints nevertheless exist. 

To be concrete, let us examine the case of TV = 
2 supergravity. First of all, the minimal field con- 
tent of an N — 2 theory that may allow for partial 
breaking to N = 1 is, besides the N = 2 gravita- 
tional multiplet, a vector multiplet and a hyper- 
multiplct H . The helicity content of the gravita- 
tional multiplet is [(1) ± 2, (2) ± 3/2, (1) ± 1]; the 
content of the hypermultiplet is [(2) ± 1/2, (4)0]. 
The vector multiplet is necessary because partial 
breaking to N = 1 requires that one of the spin- 
3/2 fields becomes massive. A massive spin-3/2 
multiplet of N = 1 contains two massive vectors, 
while the pure gravitational multiplet of TV = 2 
contains only one such field. Since the scalars in 
the vector multiplet are neutral under the U(l)'s 
gauged by the spin-1 fields, a (charged) hyper- 
multiplet is needed to give mass to the vectors by 
the Higgs effect. 

A more technical constraint follows from the 
details of the construction of N = 2 supergravity. 

In an N — 2 supergravity, the scalars in the 
vector multiplet, z a , a = 1, ..,ny, parametrize a 
"special Kahler" manifold, i.e. a Kahler manifold 
endowed with a symplectic bundle of dimension 
2ny + 2 which possesses a holomorphic section 
Z a (z), a= l,..,2n v + 2. The Kahler potential is 
completely determined by the section as Q 

K=-logiZ a (z)LJ a/3 zP{z), (13) 

where to a 8 is the (constant) symplectic norm of 
the bundle. Symplectic transformations on the 
bundle also act as electric-magnetic dualities on 
the ny + 1 vector fields ( the matter vectors plus 
the graviphoton) . 

The hypermultiplets, on the other hand, live in 
a quaternionic manifold JjJ . They can be charged 
under the ny + 1 vectors. When these vectors 
are Abelian, the most general charge allowed by 
the DSZ quantization conditions Iq] is a 2ny + 2- 

8 

dimensional vector qf obeying qfuiapqj € Z, 
with / labelling the different hypermultiplets. To 
be able to describe the interactions of the hyper- 
multiplets with a local Lagrangian, the charges 
must obey a stronger condition: 

qf^q j = Q, VI, J. (14) 
Obviously, there are at most ny + 1 linearly in- 



dependent qf obeying such condition. Whenever 
eq. ([l4]) holds, one can choose ny + 1 linearly 
independent vectors c Aa , A = 0,.., ny, obeying 
qfui a f3C A/3 — 0. These vectors select a particular 
symplectic basis with coordinates 

X A = c Aa Z a , F A = c Aa uj aP Z f3 . (15) 

Two very different situations occur. 

1. The X A are a good set of homogenous co- 
ordinates, i.e. the change of coordinates 
z a -> t a = X a /X° is invertible. 

2. The change of coordinates z a — > t a is not 
invertible. 

In the first case, one can show that the Fa are 
the gradient of a homogeneous function of degree 
two: Fa = dF(X)/dX A , also called prepotential. 
This is the case studied in Q using the N = 2 su- 
perconformal tensor calculus. A theorem proved 
in |Zfc|/ shows that in this case N — 2 supersymme- 
try cannot break to N = 1 with zero cosmological 
constant. 

In the second case, the prepotential does not 
exist. Needless to say, this statement depends 
crucially on our choice of basis eq. (|I1f). This 
choice is necessary to obtain a local N = 2 La- 
grangian. 

This is also the case in which one can find a 
model with partial supersymmetry breaking in 
flat space. This model was first found in ref. [ll| 
as a singular limit of a model constructed within 
the superconformal framework. In ref. Jl2| it was 
realized that the model is an example of N = 2 
supergravity without prepotential. 

Specifically, the field content of the model 
is the minimal one necessary to break N = 
2 to N = 1. The hypermultiplet scalars, 
6°, fo 1 , fo 2 , 5 3 , parametrize the quaternionic mani- 
fold SO{A,l)/SO{A). The two U(l) symmetries, 
gauged by the graviphoton and by the matter 
photon, act as translations on the &'s: 

D^b u = d^b u + ig5 ul Af h + i5 u2 g'A™ at . (16) 

The scalar of the vector multiplet parametrizes 
the coset manifold SU(1,1)/U(1). The Kahler 
potential is standard: K = — log(z + z), but the 
symplectic basis is not: 

X° = -i X 1 = \,F = iz, Fi = z. (17) 
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Obviously, the transformation z — > X°/X 1 = i is 
non-invertible. 

An explicit computation jl2| shows that the 
SUSY transformations of all fermions (i.e. the 
gaugini Xi , the two gravitini ijj 1 , and the two "hy- 
perini" £ l ) are proportional to the same matrix: 



8 fermions 



9-9' 







9 + 9' 



(18) 



Partial breaking to N = 1 occurs when g = ±g' . 

The model has a flat scalar potential 
V(z, z, b) = 0. This is not a generic property: 
it is due to our choice of the Kahler manifold 
SU(1,1)/U(1). The fields of the N = 2 the- 
ory rearrange into N = 1 multiplets. Specifi- 
cally, into the gravitational multiplet of N = 1, a 
massive spin-3/2 multiplet, and two chiral multi- 
plets, which are massless due to the degeneracy of 
the potential. Generalizations of this model have 
been given in ref. |jl3f 

3. The APT Model as a Flat Limit of N = 2 
Supergravity 

A natural question arising at this point is 
whether the APT model can be obtained from an 
N = 2 supergravity in the limit of infinite Planck 
mass: Mpi — > oo. 

This is indeed the case, and the nature of the 
limit can be understood quite simply, even before 
a detailed analysis of specific models. 

First of all, the masses of both N — 2 gravitini 
should go to zero in the flat limit Mpi — > oo. 
Indeed, a non-zero to 3 / 2 would produce in the flat 
limit a soft explicit breaking of supersymmetry. 

Moreover, the limit should produce a non-zero 
C 12 - 7 in the SUSY current algebra, or, equivalently, 
in eq. (|ic|). The analog of eq. ( 1Q| ) in supergravity 
is the so-called T-identity pfj|,14| 

(6 i X I )*Zj((l))5 : >Xj - ZM 2 Pl M* a M lj = 

= S ij V(c/>), (19) 



where M y is the gravitino mass matrix. Eq. (|10| ) 
is recovered in the limit Mpi — > oo when M y — > 
0, but MpiM^ —> nonzero constant. 

Having understood the scaling properties 
needed to recover the APT model, it is relatively 
easy to find an explicit supergravity with the right 
flat limit. The field content is as in Section 2, and 



the hypermultiplet scalars still parametrize the 
manifold SO(A, l)/SO(A). Their coupling to the 
graviphoton and the matter photon is specified 
by the covariant derivative {§] 



= d tl b u + i(g 1 S u3 +g 2 8 ll2 )Af h + 



ig 3 6 u2 A™ at . 



(20) 



The geometry of the vector multiplet is speci- 
fied by a choice of symplectic section 4 1| : 

A° = ^, X 1 = 4= /'(*)> 
V2 V2 V ' 

F Q = -^=[2f(z)-zf'(z)}, F! = ^=, (21) 

where f(z) is an arbitrary analytic function, reg- 
ular around z = 0. 

To recover the APT model in the limit Mpi — > 
oo, we must scale appropriately the couplings 
5ii52j53 and the function f{z). The SUSY pa- 
rameter rji must also be rescaled according to 
its canonical dimensions, and the fermion kinetic 
term must be brought in canonical form. In |s| it 
was shown that the appropriate rescaling reads: 
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(22) 



The limit is taken keeping the scale A, the dimen- 
sionless parameters £, e, to, and the function <fi(z) 
constant. In this limit the entire gravitational 
multiplet, as well as the hypermultiplet, decouple 
from the vector multiplet. The gravitational mul- 
tiplet and the hypermultiplet become a hidden 
sector, whose interactions with the vector mul- 
tiplet (the "observable sector") are suppressed 
by inverse powers of Mp\. For instance, the ki- 
netic term of the hypermultiplet scalars reads 



4 This section is obtained by performing the symplectic 
transformation X 1 — > ~F±, F\ — ► X 1 on a basis with 
prepotential F{X°,X r ) = -i(X ) 2 f(X x /X°). 
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l b^ 2 d, L b u d^b u . In the limit M Pl 



the b u, s do not fluctuate and appear as coupling 
constants in the low-energy action By defin- 
ing T(z) — z 2 — 2i(j)(z), one finds that, in the flat 
limit, the observable sector of our model becomes 
identical with the APT model, with parameters 
given in eq. (^|). In particular, using the same def- 
inition of t(z) as in Section 1, the SUSY transfor- 
mation laws of the gaugini on a Lorentz-invariant 
background read: 



oo, large but finite Mpi. For the special choice of pa- 

rameters e = 0, £ = 2m, the hidden sector too 
preserves N = 1 supersymmetry, and the scalar 
potential has a flat direction in 6°, as it can be 
verified by inspection of eq. (^) . 
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At T\{z) — —e/m, t 2 (z) = £/m, the matrix Xij 
has a nondegenerate zero eigenvalue. As expected 
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there the scalar potential has a stable minimum 
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4. Conclusions 
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